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1 Introduction 

Conformal operators and conformal properties of topological terms in different space-time 
dimensions D are important issues, especially due to the applications in quantum theory. 
The solution in D — 2 is a very well-known Polyakov action [1], while the conformal 
operator is just a two-derivative A2 = □. The conformal operator A4 acting on scalar 
in D = 4 was first obtained by Paneitz [2] and independently by Riegers, Fradkin and 
Tseytlin [3], This operator has four derivatives and acts on the conformally inert scalar 
held. One can easily obtain a generalization to the h^4, when the corresponding scalar 
gains a non-trivial transformation law proportional to the difference D — 4, see Ref. [J]. 


In order to integrate conformal anomaly in D > 6 and explore the allegedly general 
universality properties, it would be very useful to have similar operators in general even 
dimensions D = 6,8,.... In the mathematical literature one can find a general theory 
for constructing conformal operators 0E10I, which can be used to obtain explicit 
examples. For instance, the analog of Paneitz operator with six derivatives, A 6 , in D = 6 
can be found in [9], consequent paper [TQ] and in m, where the generalization to P ^ 6 
was also obtained. 

It is important to remember that the generalization of the results of OB to dimensions 
D > 6 requires not only constructing the corresponding conformal operators, but also 
their relations to the topological ternjj]- By using both things and also the relation 
between surface terms in the anomaly and local finite terms in the effective action, one 
can expect to obtain compact and useful expressions for the anomaly-induced effective 
action of gravity, such as Polyakov action in D = 2 and analogous expression in D = 4 [3] 
(see also [13] and [11] for the reviews and description of recent results in this direction). 

In the present work we describe some preliminary results related to the conformal 
properties of topological structures in even dimensions and their relation to the conformal 
invariants in odd dimensions. Furthermore, we formulate two conjectures about possible 
relation between the integrands of topological structures and existence of higher derivative 
conformal operators, which may be valid (or not) in even dimensions. The verification 
of these conjectures will be hopefully presented soon in a separate paper. The material 
presented here is very simple and some part of it may be not completely new. However we 
believe that it may have some interest for those who work on the related subjects. In order 
to make the manuscript brief we skip many details concerning conformal transformations 
of curvature tensor(s) and their contractions. One can consult the previous paper [15] for 
all intermediate formulas. At the same time, all relevant final expressions are presented 
for the convenience of the reader. 

The paper is organized as follows. In Sect. 2 one can find some covariant calculations, 
which includes a new way of deriving the Paneitz operator in D = 4. Sect. 3 is devoted to 
the conformal transformation of the integrands of topological invariants in D = 2, D = 4 
and D = 6 dimensions. As a by-product we arrive at the new conformal invariants in 
D — 1 dimensions for all three cases. In Sect. 4 the two conjectures about conformal 
operators and conformal properties of topological structures are formulated. Finally, in 
Sect. 5 we draw our conclusions. 

lr This was recently discussed in |12] , where one the our conjectures from Sect. 4 was formulated for 
the particular case of a flat background. Here we approach the problem in a partially different way and 
consider an arbitrary curved metric. 
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2 Covariant derivation of Paneitz operator 


Let us start by reviewing terms which are topological in D = 2 (Einstein-Hilbert) and 
D — 4 (Gauss-Bonnet term). Previously, the last case has been discussed in some works 
devoted to quantum gravity EMJH7], where one can find more detailed consideration. 

In D = 2 one has to start from the Einstein-Hilbert action 

S 2 = fd D Xy /^R, D = 2. (1) 


The equations of motion boil down to 

/?/'" - ^ (f y i?, = 0, (2) 

which is an identity in 1 ) = 2. 

It is interesting to see whether something similar occurs in D = 4. In this case the 
topological action has the form 

S 4 = f d A x^g E 4 , (3) 

where E 4 = R a ^ pa R a p pa ~ ^RJ W R, IW + R 2 is Euler characteristic in D = 4. 

It proves useful to define the integrals of the squares of curvatures, 


h(D) = J d D x\f^g R 2 pua p , h{D) = I d D xV=gR%, h(D) = f d D x^R 2 (4) 

and the surface term J 4 (D) = j d D Xy/ —g OR. The variation with respect to the metric 
in D = 4 yields 

1 dIl[i) = \g^R% a0 -2R^R^-AR^R afi + AR p R^ 




1 h/ 2 (4) 

yf~9 
1 5I 3 (A) 

V~9 $9^ 


2 X7 p V u R - AUR pu , (5) 

^g^R% - 2 R^R^ + V P V U R - ^g lw DR - DR pu , (6) 

^g^R 2 + 2V P V U R - 2g pv UR - 2RR pv . (7) 


It is not easy to show that the linear combination of these expressions corresponding 
to the action ([3]) is identically zero, as it was discussed in [16]. At the same time the 
traces of the combinations corresponding to the Weyl action I\ — 2/ 2 + I 3 /3 and to the 
Gauss-Bonnet topological term ([3]) can be immediately observed to vanish. 
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For D ^ 4 the Gauss-Bonnet term (J3J) is not topological. It is easy to derive the trace 
of the corresponding equation, 




J d D x\f^g E 4 = 


(D- 4) 


E a . 


( 8 ) 


Consider equations of motion for the action 

I e (D) = h(D) - 4I 2 (D) + h(D) (9) 

on a special de Sitter background, when Ricmann and Ricci tensors can be presented as 


-Q ^ (///ta.9v<3 9)i[39vci) i Rfiu jj A 9in' i A COTlSt . (10) 


After a small algebra we arrive at the following results: 


1 Sh 


V~9 &9, 


S —— AV" . 


/AV 


SIo 


dS 


D 2 (D - 1) 






dS 


QP-4) 
2D 2 


a 2 <r, 


(ii) 


( 12 ) 


1 Sh 


V-gSg^y 


dS 


(D- 4) 

2D 


A 2 g^. 


(13) 


Consequently, for the .D-dimensional version of the Gauss-Bonnet term we obtain 


1 SIe(D) = (D-2)(D-3)(D-4) 
V^g Sg lw dS 2D 2 (D — 1) 


( 14 ) 


Naturally, when D = 4, the equation (TT4T) becomes zero, but the same also occurs in 
D — 2 and D = 3 cases, where the Gauss-Bonnet term is not topological. One can note 
that the expressions (TTTT) do vanish only at D — 4, so the cancelation for D — 2 and 
D = 3 takes place only for the topological term. Later on we obtain more detailed form 
of this relation. 

The next exercise is to obtain the Paneitz operator [2\ in D — 4 in a covariant way. 
The usual definition of this operator is through the conformal transformation, 


- g^e 2 *, where a = a(x) 


(15) 


and g IJ/iy is a fiducial metric. We can assume that a is a scalar held and then g /w is a second 
rank tensor. It is important that g tll , does not depend on a and this can be achieved, e.g., 
by using the covariant non-local construction of [18] [T9] . 
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For the conformally inert scalar p> — p> the Paneitz operator A 4 has to be Hermitian 
and provide the invariance of the bilinear expression, 


J d 4 x\/—g 


J d^xyj^g . 


(16) 


Here the bar means that the operator is constructed with the g^ metric. The solution 
for A 4 has been found in [ 2 ] (see also [3] and generalization to other dimensions in [3]), 
but we shall solve the same problem in a completely covariant way, without explicit use 
of the transformation (fT5l) . 

We start from a simple observation about the variational derivative with respect to a 
in (TT5|) . For a functional of a metric A = A(g^ u ) we have 


5A _ Sg^ 5A _ 0 2o . 5A _ 5A 

r r r ^ 9 UV ^ r ^ 9 UV r 

0® ^9y.V OQflV vQiiv 


(17) 


This simple calculation shows that everything that is linear in a can be obtained by taking 
the trace of covariant equations of motion for the metric. 

In order to obtain the Paneitz operator A 4 in a covariant way, one can define new 
actions which depend on an additional conformally inert scalar field p = (p, 

If = I d A x\/^g pR 2 , If = I d^x^gpR 2 ^, (18) 

If = f dtxyf^g (pR%, afi , If = f d 4 Xy/^gipDR. (19) 

The equations of motion have the form 

= ^g^R 2 p + 2 V u V^{Rp) - 2 g^D(Rp) - 2 R^(Rp) , (20) 

= \g^R 2 pc p - 2RTR%p + 2V A V M (i&>) 

- g^pV a {R aP p) - U{R^p) , (21) 

= \rRlp P ^ + 4V^V Q (i?^V) - 2 {R^ ap R vf)ap p) , (22) 

= □ p + V^V" Dp- g^D 2 p - R^Dp - RV^W u p 

+ V x (Rg x ^p) - \v x (g^RV x p) • (23) 


1 51 f 

V~-g Sg ^ 
i sif 

V-g^g^ 

i 

\FA) bg jlv 
1 Slf 

\T r gbg i iv 


Using this formulas it is easy to check that the Weyl term with an additional scalar is 
still conformal invariant, 


1 


h 


fJ,lS 


J dfx\f—g pC 2 


0 . 
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For the Gauss-Bonnet term with additional scalar we obtain 


I S f 

-j=g^u^ — / d^xy/^g (f £4 = 4i^(V M V^) - 2 RUy. 

V~9 °9nv J 

Let us now make an important step and introduce the “corrected” term 

E 4 . = F /4 — — EHf? . 

Taking into account (1241) and (]23j) . after a very small algebra we arrive at 

1 5 


2^g g,iv Sg t 


drxy/^g (p £4 


/AV 


a 2 + 2 fl<“'v„v„--fln+-(v A fl)v A v = A443, 


( 24 ) 


(25) 


(26) 


where A 4 is exactly the Paneitz operator which we are looking for. 

Two observations are in order. First, the derivation of the conformal operator A 2 = □ 
in D = 2 can be performed in the very same way as we just did in D — 4, but in the two- 
dimensional case there is no need to introduce an additional term to E 2 = R. Since the 
calculation is quite trivial, we skip the details. The second point is that there is no regular 
way to derive the coefficient in Eq. 0251) . so the origin of its value —2/3 looks mysterious. 
In the full conformal derivation (see, e.g., [15]) this coefficient provides cancellation of all 
but linear terms in a in the transformation of —gE 4 , but (as far as we know) there is 
no other way to obtain this coefficient except by an explicit calculation. 


3 Conformal transformation of topological terms 


Let us explore the conformal properties of topological terms in even dimensions. We will be 
mainly concerned with the D = 6 case which attracted considerable interest in the recent 
literature (see, e.g., nu m eh 12 a and references therein). According to the standard 
classification [23] (see also earlier work [24]), the anomalous terms that correspond to 
the non-local part of effective action are either conformal invariants or topological terms. 
Hence it is very important to better understand the conformal properties of the topological 
terms, in particular for the case of D = 6. 

The conformal transformation is defined as a parametrization (TT5l) of the metric tensor. 
It makes sense to analyze the transformations of Euler densities not only in the dimensions 
in which these quantities are topological, but also in other dimensions. Euler density in 
even dimensions D = 2 n (n = 1, 2,...) is well-known (see e.g. H), 


E 2 n 


_L c- q i/3i 

2 n 


Otnfin cr7l^l ...7n^n E> 

£ ri ctif3i'yi5i 


R 


Qnfin'Ynfin ’ 


(27) 
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It is instructive to consider a few examples. For D = 2, the definition (127|) gives 

E 2 = l -e^e^R, lvafi = R. (28) 

In D = 4 case Eq. (1271) provides the Gauss-Bonnet term (J3]), 

E a = ( 29 ) 

In D = 6 the evaluation of (127]) is more cumbersome, the result is (see, e.g., [26]) 

Ea = _ PVKWTIX T? D R 

q c c 1 L /j,iypa 1 L apKLj 1 L X^rjx 

o 

_ a r>pv t>oc(3 pAr q p E>a ft -nXprv c\a t)V p po;/3A^ 

4xi q/ 5-Tt Ar-^i orifKxi/pri \ T rC Z^ri^rio^^Xiy^ 

+ 24 R^R^R^ + WR^RX + 3i2i2^ - 12 RR\ V + R 3 . (30) 


Consider how these three quantities behave under .D-dimensional conformal transfor¬ 
mation (1I5|) . The transformations of Riemann, Ricci tensor and scalar and of the □ can 
be found, e.g., in [15] , so let us skip the intermediate formulas and present only the final 
results, 


y/=9 E '2 


V=s? (D - 2> ° {e,_ 


(D - 1) 2Da + (D — 2)(Vcr) 



where we multiplied the expression by y/—g for convenience. 
Similarly, the E 4 calculation yields 


(31) 


V=gE t = v^J e ( D - 4 )qS4 + (D- 3 )x ( 4>}, (32) 


where 


X(4) = 8 RX U - 8 R X I(jlJ ~ 4i?D(T - 2(D) - 4)R(Vcr) 2 + (D - 2) [8 

- 4(7^ + (D> — 4)(D> — l)(V(j) 4 + 4(Qcr) 2 + 4(D> — 3)Qcr(Vcr) 2 ] . (33) 

Here we used the condensed notations cr a = V a cr, cr a p = V^V^cr, □ = g al 3 cr a ^ : (Vo - ) 2 = 
g a ^cr a a/ 3 , also all indices are raised and lowered with the fiducial metric g a/3 and its inverse. 

One can note that the conformally non-covariant part of the r.h.s. of (13T)) is propor¬ 
tional to D — 3, which is a non-linear generalization of the previously considered Eq. (1T41) . 
One can see that the non-linear expression (]32l) is conformally non-covariant at D = 2 
(some related observations can be found in [15]), but is covariant at D = 3. 

Finally, consider the case of Eq. The corresponding calculations were performed by 
using Cadabra software |27l EH] and the result reads 

XgE & = X^e (D ~ 6 ^{E 6 + (D- 5)x (6) }, (34) 


7 




where 


X(6) = - [6Da + 3(D - 6)(Wa) 2 ]E 4 

+ 24(2 R a pR^ - R aifh u R a ^ - RRT + 2 {a„a v - a,_ w ) 

+ 24(D - 4)R^a llu (a a p - 2a a a 0 ) + 48 (D - 4 )W v (o m o™ - apa) 

+ 48(.D - 4 )R tiV (a^apa - 2a m (j*) + 12(T> - 4)R [(Do-) 2 - (x 2 ^ + 2a fiu a^ l a u ] 

- 24 (D - 4)R^{S7a) 2 [{D - 5 )a fiV — (D — 3)a fl a u ] 

+ 12 (D - 5 )(D - 4)RUapaf + 3 (D - 6 )(D - 4 )(D - 3)i?(V(x) 4 
+ 8 (D -4){D- 3) [3 Da - 2^ a? < + 6^ <r“ ^ - (Da) 3 ] 

+ 12(D - 4) 2 (D - 3) (Va) 2 [a% - (Da) 2 ] (35) 

- 24(T> -4 )(D- 3) a^a u [(D - 2) (Va) 2 + 2Da] 

- (D — 4) (D — 3)(D - 2) [6 (D - 5)0(7 + ( D-6)(D - l)(Va) 2 ] (Va) 4 . 


An interesting feature of Eq. ()34l) is that the conformally non-covariant part of this 
expression vanish in D — 5 dimension. As we have seen before, this is similar to E 2 
and E 4 . As a consequence one can construct new conformal invariants in odd dimensions 
2 n — 1. Consider an auxiliary scalar field <f> which transforms according to 


(36) 


$ = e a <f> 


simultaneously with (fl5]h Then we meet 



(37) 


where n — 1, 2, 3 and the expressions (j37j) provides the set of conformally invariant actions. 
Of course this is a trivial statement for D = 2, but in the cases of D = 4 and D = 6 we 
can claim that the topological invariants in these even dimensions give rise to the new 
conformal invariants (T37|) in three- and five-dimensional spaces, correspondingly. 

4 Conjectures 

Taking our previous experiences into account, let can formulate the following two conjec¬ 
tures concerning the topological terms (|27jl : 

Conjecture 1 . For any even dimension D = 2 n, n = 1,2, 3,4,..., the expressions 
(j37l) are conformal invariant if the scalar 4> transforms according to (j36l) . This means we 
arrive at the chain of conformal actions 



( 38 ) 


in odd dimensions. 


Conjecture 2. For any even dimension D = 2 n there is such a metric-dependent 
vector function x 2n that the “corrected” topological invariant 

-EWi + V^x2„, (39) 

possesses linear conformal transformation, 

V^g { E 2n + V„X2 n) = { E 2n + V^ n + C ■ A 2n Cx) . (40) 

Here c is some unknown constant and operator A 2n = is conformal, in the sense 

J d 2n y/^gipA 2n ip = J d 2n sf-g ^A 2n <p . (41) 

Let us remember that all quantities with bars are constructed on the basis of the fiducial 
metric g jlv in (ITS]) . In the case of D = 2 we know that x 2 = 0 and for D = 4 we know 
that Xa — —(2/3)V At i?. The verification of this conjecture for six dimensions requires a 
significant calculational work and we expect to report on the result sooij^l [5U] . 

An important step towards a general understanding of the second Conjecture would 
be explanation of the —2/3 coefficient in the four-dimensional case. At the moment we 
are not able to give such an explanation and rely on a direct computations. 

5 Conclusions and discussions 

Since the conformal anomaly is one of the main sources of our knowledge of the semiclas- 
sical corrections to the gravitational action (see, e.g., H3H3DE21E3), it would be useful 
to have better understanding of the conformal properties of the terms which constitute 
this anomaly. In this relation it is a challenging problem to establish conformal proper¬ 
ties of the topological invariants and their relations to the conformal operators acting on 
conformally inert scalars. 

At the moment we know such relations for the two- and four-dimensional spaces. 
However, there is no real understanding of the fundamental reasons of why these relations 
take place in D = 4 and whether similar relations exist for higher even dimensions. In this 
respect it would be most interesting to verify the second Conjecture formulated above (see 
also previous work [12] on the same subject). A practical realization of this program is 

2 After submitting the first version of this work we learned that the flat limit of the relation (1401) and 
an incomplete form of anomaly-induced action was recently obtained in a very interesting paper [29]. 
Our project can be seen as presenting the result in a covariant form of relation (1401) . 
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a necessary step in integrating conformal anomaly in D = 6 and higher even dimensions, 
and also may help to approaching the solution of one of the mathematical puzzles related 
to conformal anomaly. It is important that integrating the trace anomaly requires not 
only conformal operator mm (see also [7, 33] [35], j36j for other publications on the 
subject), but also the relation between conformal operators and topological structures, 
e.g., expressed in the form (]40lh This kind of formula is critically important for integrating 
anomaly in D = 2 and D — 4 and hence the proof of the Conjecture 2 would be a decisive 
step forward in completing the same program in higher even dimensions. 

After the proof of the second Conjecture, the problem will not be solved yet. The 
reason is that there a third type of terms in the anomaly, which go beyond the known 
classification of [23] and come from the renormalization of surface terms. The experience 
which we have from the D = 4 shows that these terms should be taken seriously, in 
particular they emerge in a direct calculation via adiabatic regularization (see, e.g., S3). 
In order to neglect these terms one needs at least to be sure that the finite anomaly¬ 
generating terms in the effective action are local. The detailed constructive proof of this 
statement would open the door for deriving anomaly-induced action in D = 6,8,... and 
to the corresponding physical and mathematical applications. 


Appendix. The case of conformally flat metric 

In order to show how the Conjecture 2 described in Sect. [4] works, let us consider a 
relatively simple example of the conformally flat metric. Earlier the same method has 
been used in S3. but we shall go into more details and obtain a slightly more general 
result. 

Let us remember that our ansatz assumes adding only total second derivatives terms to 
Eq. Using some reduction procedure, one can show that the general form of the corrected 
topological term is 

Eq = Eq oei\I\~Rot2E\R 2 oislIlR 2 ^\ a (3R u) ' a ^) 

+ + a 7 V,V u (R^ x ) + a 8 V M V,(f?f^). (42) 

Our interest is to find the values of the parameters ai, 2,...,8 for which the relation (l40l) takes 
place. In order to do it, we can choose any background metric, which makes the solution 
simpler. One of the possibilities is to take the metric g, w = e 20- ?/^, with a = cr(r]), where 
r] is conformal time. After that one has to evaluate the conformal transformation for each 
of the nine terms of (l42lh 
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After performing these steps we found the combination of a's which satisfies the re¬ 
quested condition. The most general form depends on four parameters a, b , c, d as follows: 

e 6 = E 6 + ^n 2 R + anR 2 + bnRl u + cnRl uap + dV,V„{R» Xaf} R'' Xa P) 

(y + 20a + 86 + 6c + £) V„V u (R a0 R^) + (3 - 2b - 2c - £) V li 'V v (R$R vX ) 

+ i(-3 + 6& + 6c+^)v^(RR^). (43) 

This particular form of (1T2D eliminates all terms of second and higher orders in a in a 
conformal transformation of the action (1431) . Let us note that the relation (143j) possesses 
this property for any a, 6, c, d. 

Indeed, the cancelation of the second- and higher-orders in a on flat background does 
not guarantee that the desired relation (1401) holds on an arbitrary background. One 
can suppose that this relation on an arbitrary background will require to impose some 
constraints on the parameters a, b, c, d. Anyway, in order to have a chance to achieve the 
result, it is certainly important to have a most general form, such as (143|) . 

Let us consider some particular cases of (143]) . For instance, one can take the parameters 
a, b, c and d in such a way that the terms with Riemann tensor vanish, that means one- 
parametric solution, 


c = d 


123 1 

0, a =-C , 

’ 100 2 s 


5 18 

4^ _ 15 ’ 


that corresponds to the result of [T2j. Another, much simpler case is obviously a 
c = d = 0, corresponding to 


(44) 
b = 


E 6 + jj [D 2 R + V^7 v (-7R aP R^ + 5 R£R va - RR^)\ } = -6A 6 a (45) 

on a flat metric background. 

The next phase of the work includes trying to find similar relations for an arbitrary 
fiducial metric. In this way one can expect to remove the remaining uncertainty of the 
coefficients a, b, c and d in (l43lh In this way one can establish a general form of A 6 which 
can be used for comparison with ® m\n\, verification of Conjecture 2 and finally for 
deriving the anomaly-induced effective action in D = 6. 
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